Abstract. In this note, we show that a type of mean value inequality for the positive supersolutions to the heat equation on a Riemannian manifold is equivalent to a version of local heat kernel lower bounds. We also show that the global Gaussian type heat kernel lower bound implies that the manifold has the Liouville property. §0. Introduction
§0. Introduction
In the theory of elliptic and parabolic differential equations, the Harnack type inequalities have played an important role. It is remarkable that a type of parabolic Harnack inequality on a Riemannian manifold may be characterized in terms of the geometry of the manifold. Let us first recall several definitions. 
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The results of Grigor'yan [G] and Saloff-Coste [Sc] then imply that the Riemannian manifold M satisfies the parabolic Harnack inequality if and only if it has both the volume doubling property and the weak Poincaré inequality. Based on this characterization, it was pointed out by Wang [W] that the validity of the heat kernel bounds is equivalent to the parabolic Harnack inequality on M ,
where c 1 , c 2 , c 3 and c 4 are constants. The mean value type inequalities for both the subsolutions and the supersolutions to the elliptic or parabolic equations are also important. In a recent paper by Li and Wang [L-W] , they studied a type of mean value inequalities for subsolutions and obtained some interesting results. We shall refer the reader to their paper for the details. Our purpose here is to consider the mean value inequality for the supersolutions.
Definition 0.4. The Riemannian manifold M is said to have parabolic super mean value inequality if for some 0 < δ < 1, 0 < η < < 1, there exists a constant c > 0 such that every nonnegative supersolution u(x, t) to
Bp (δr) u(x, t)dxdt for any p ∈ M and r > 0.
Notice that this is a weaker version of the usual mean value inequality appearing in the literature as we only require the inequality to be valid at the center of the ball. We will show that the parabolic super mean value inequality is more or less equivalent to a type of lower bound for the Dirichlet heat kernel on the geodesic balls. In fact, we will show that it is also equivalent to the parabolic Harnack inequality under the volume doubling assumption. This will be shown in Section 1. In Section 2, we consider a type of Gaussian lower bound for the minimal heat kernel of a complete Riemannian manifold. We show that the manifold necessarily has both the volume doubling property and the Liouville property, namely, all the bounded harmonic functions must be constant. As a consequence, the connected sum of two nonparabolic manifolds cannot possibly admit such a Gaussian lower bound for its heat kernel.
§1. Parabolic super mean value inequality
We start by showing that the parabolic super mean value inequality implies a type of heat kernel lower bound. The proofs of the following two propositions are along classic lines and included for the convenience of the reader. 
Proof. Define the function ∞) . By the parabolic super mean value inequality, we have
2 . Now applying the parabolic super mean value inequality to the heat kernel H(y, x, t), we obtain
2 in (1.1) and using (1.2), we conclude
The proof is complete.
The following result says that a type of inverse holds for Proposition 1.1.
Proposition 1.2. If the Dirichlet heat kernel H(x, y, t) of any geodesic ball
for x and y in B p (δ r), where c 1 , c 2 and c 3 are constants independent of p and r, and 0 < δ < 1, then for 0 < η < < 1, a positive supersolution u(x, t) to
Proof. Let H(x, y, t) be the Dirichlet heat kernel of the ball B q (R). By the maximum principle, since u(x, t) is a positive supersolution, we get u(q, s) ≥

Bq(R)
H(q, y, s − τ )u(y, τ )dy (1.3) for s − τ > 0. We now claim that for r ≤ R,
for x and y in B q (δ r). In fact, let K(x, y, t) be the Dirichlet heat kernel of the ball B q (r). Then we have K(x, y, t) ≤ H(x, y, t) for x and y in B q (r), and all t ≥ 0. Using the assumption, we have
n for x and y in B q (δ r). So the claim follows.
Applying (1.4) to (1.3), we have
Integrating (1.5) with respect to τ , we conclude that
The following lemma is due to Kusuoka and Stroock [K-S]; see also [Sc] .
Lemma 1.3. Let M be a complete manifold. Suppose that the Neumann heat kernel H(x, y, t) of the geodesic ball B p (r) satisfies
for x and y in B p (δr), where 0 < δ < 1 and c 1 , c 2 and c 3 are some constants. Then
Note that the Neumann heat kernel is always bounded from below by the Dirichlet heat kernel for any geodesic ball by the maximum principle. Combining the results of Proposition 1.1, Proposition 1.2 and Lemma 1.3, and using the result of Grigor'yan [G] and Saloff-Coste [Sc] , we obtain the following theorem. 
The Dirichlet heat kernel H(x, y, t) of any geodesic ball
for x and y in B p (δ r), where c 1 , c 2 and c 3 are constants independent of p and r, and 0 < δ < 1.
We remark that a local version of the theorem is also true by the same proof. §2. Heat kernel lower bound and the Liouville property
In this section, we will derive some necessary conditions for a complete manifold to admit a type of global Gaussian lower bound for its minimal heat kernel. We will show, in particular, that the manifold has to satisfy the volume doubling property and the Liouville property, namely, all the bounded harmonic functions must be constant. Let us start with the following lemma. H(x, y, t)dy
Lemma 2.1. Let M be a complete Riemannian manifold. Suppose that its minimal heat kernel H(x, y, t) satisfies the lower bound
(2.1) By (2.1), we conclude that
Since both x ∈ M and t > 0 are arbitrary, one sees that M has the volume doubling property. The proof is complete.
Utilizing the previous lemma, we now show M has the Liouville property. 
In fact, as M has the volume doubling property, it has polynomial volume growth and is stochastically complete. In particular, the bounded solution to the heat equation is uniquely determined by its initial data. Since inf M v = 0, for any > 0 there exists
Using the lower bound of the heat kernel, we obtain from (2.2) that
v(y)dy < c .
We rewite it as 1
Similarly, if we consider w = u − inf M u, then inf M w = 0 and there existx such that
which can be written as
u(y)dy. (2.4) Combining (2.3) and (2.4), we get
(2.5)
We now claim that for any p ∈ M and r 0 > 0, lim inf r→∞ V p (r + r 0 ) V p (r) = 1.
Otherwise, there exists R ≥ r 0 such that for r ≥ R,
Iterating the inequality k times, we have
This implies that V p (r) is of exponential growth as C > 1. But M has the volume doubling property by Lemma 2.1 and V p (r) must be of polynomial growth. The contradiction proves our claim. Letting t → ∞ and noting the claim, we conclude from (2.5)
Since > 0 is arbitrary, we have inf M u = sup M u and u is constant. The proof is complete.
